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This is a study on the gauge group of NC principal bundles.
We study infinitesimal gauge transformations.

A (NC) principal bundle is seen as a Hopf-Galois extension B = AH C A,
where

H=Hopf algebra
A= total space algebra, in a right H-comodule algebra
B=base space algebra, subalgebra of H-coinvariant elements of A.

Hopf-Galois extension property, bijectivity of the canonical map:

X :ARpA—ARH, a’®Ba|—>a/a(O)®a(1)



A first def. of infinitesimal gauge transformations:
Derivations ¢ : A — A that are H-equivariant and are trivial on B.
H-equivariance: 6(¢(b)) = w(b(o)) ® b(1)-

Gauge transf. form a Lie algebra under usual commutator bracket. Similarly,
finite Gauge transformations for a group.

This definition is very restrictive since there are few derivations in a NC algebra
A.

Example: C C H is a Hopf—Galois extension (Galois object, A = H, B = C).

Group of finite gauge gransformations ~ characters of H.



We study Hopf—Galois etensions A C A that are K-equivariant where K
is a triangular Hopf algebra:

K is trivially a K-module algebra (trivial action of K on H).
A Is a K-module algebra.
The H-coaction and the K-action on A commute.

In this setting we can study the Hopf—Galois extension B C A as an object
internal to the category of K-modules.

A Hopf algebra in the category of K-modules is a K-braided Hopf algebra
[Majid]; a Lie algebra is a K-braided Lie algebra.

Def. A K-braided Lie algebra g is

a K-module g



with [, ] : g ® g — g such that

(i) K-equivariance: for A(k) = k(1) ® k(2) the coproduct of K,

k > [u,v] = [k(l) > u, k(g) > ”U]

(il) braided antisymmetry:mmetry:

[u,v] = —[Ra > v, RY > u],

(i) braided Jacobi identity:

[u, [v, w]] = [[u,v],w] + [Ra &> v, [R* &> u, w]],

u,v,we g, ke K,
R=R*QR, e K® K

triangular structure of K (universal R-matrix).



Example: since A is a K-module Hom(A, A) is naturally a K-module with
action

> Hom(4,4): K ® Hom(A, A) — Hom(A, A)
k®RvY—k DHom(A,A) Vi A k(l) > A w(S(k(Q)) > A)
Hom( A, A) is a K-braided Lie algebra with bracket
[, ]: Hom(A, A) ® Hom(A, A) — Hom(A, A),
V@Y = [, 9] =Py’ — (Ra > ¢") o (R > ).
Elements ¢ in Hom( A, A) which satisfy
Y(aa’) = 9(a)a’ 4+ (Ra > a) (R* >pomca.ay ¥)(a) (1)
on the product of two elements a, a’ of A are called braided derivations.
Der(A) :={y € Hom(A, A) |
Y(ad’) = P(a)a’ + (Ra > a) (R* >pomcany ¥)(a)}

the K-module of braided derivations of A. It is a K-braided Lie subalgebra
of Hom(A, A), with

[, ] :Der(A) @ Der(A) — Der(A)
YO —= [, \] i= 1o)X —(Ry >Der(A) A) o (R® >Der(A) ).
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Let the K-module algebra A be quasi-commutative:
aa' = (Ra>d) (R*>a),
Der(A) is an A-module with A ® Der(A) — Der(A),

(ayp)(a’) == ap(a’), (2)

for v € Hom(A, A), a,a’ € A, is also a left A-submodule of Hom(A, A).
Furthermore:

[, ay’] = p(a)y’ 4+ (Ra > a) [RY > 4, '] (3)
foralla,a’ € A, 1, vy’ € Der(A).

For A K-braided commutative, (A, Der(A)) is a K-braided Lie-Rinehard
pair: A K-braided Lie algebra that satisfies (1), (2), (3).



Hopf-Galois
B C Ais K-equivariant Hopf-Galois extension, i.e., B C A is a Hopf-Galois
extension in the category of K-modules.

Definition . Let (K, R) be a triangular Hopf algebra. Infinitesimal gauge trans-
formations of a K-equivariant Hopf—Galois extension B = A®H C A are
H-comodule maps that are braided vertical derivations

aut(A) := {u € Hom(A, A) | 6(u(a)) = ulaw)) ® aq),

u(aad) = u(a)a’ 4+ (Ra > a)(RY > u)(d'),

uw(b) =0, foralla,a’ € A,b € B} .
Proposition. . The linear space aut'}(A) with bracket

[, Ir : autR(A) @ autR(A) — autR(A)
u@u — [u,v|g :=uou —Ry>u oRY > u,
(4)

for all u, v’ € aut%(A), is a K -braided Lie subalgebra of DerR(A).



Example (quantum homogenous space).
Let (A, R) be a cotriangular Hopf algebra with dual triangular Hopf algebra
(U, Z). Let*R the triangular structure of U°P @ U.

Let B = AH C A be a quantum principal bundle over the quantum homoge-
neous space B, with Hopf algebra projection : A — H. Assume (H, Ry ) is
cotriangular with R = Ry o (7w ® 7).

The braided gauge transformations aut%(A) are the vertical braided vector
fields in B @ Der®(A).,,, where Der}(A):,, are the right-invariant vector
fields defining the bicovariant differential calculus on (A, R). This linear space
isomorphismis a K = UIO}“ -braided Lie algebra isomorphism, where Uy C U
is the triangular Hopf algebra dual to H.



Examples form twist deformation (Twisting of braided Lie algebras).

Drinfeld twists F € K ® K satisfies
(FeD[(ADP)]=>0H)[IeA)F)].
Notation: F = F* ® F, and F := F~1 =: F* ® F, (implicit sum)

Prop. Let F = F* ® F, be a twist on (K, m,n, A, e, S). Then the algebra K¢
new Hopf algebra with coproduct

Ap(k) == FAR)F = FhF’ @ FakyFs, keK (5)
and antipode Sg. If (K, R) is (quasi)triangular (K, Rp) is (quas)itirangular
Rf := F21 RF = FoRPF" ® FOR4F,
If Aisa K-module algebra,Ar is a Kg-module algebra with

ma. @ AF O AF — A, a ®fa — aepad ;= (F" >4 a) (Fa >y d).

(6)

When g is a braided Lie algebra associated with a triangular Hopf algebra
(K,R), and F' is a twist for K, the Kr-module gz inherits from g a twisted
bracket



Prop The Kr-module gr with bilinear map

[ lF=er®egr =g, v®uv—[uv]p:=[F >uFarv]. (7)
is a braided Lie algebra associated with (K, Rg).

In particular we obtain the braided Lie algebra (Der(A)g), [, ]¢g) associated
with (K, Rg). The Kg-action >per(4) ,, coincides with >per( 4) as linear map.

Lie bracket:

[, AlF = ¥ oF A = (Rr, >per(a) ) oF (RE® Bper(a) ¥)
with the composition that is changed as in (6):

b op ¢ = (F° >Der(A) ¥) © (Fa >Der(A) ¢) -
On the other hand, braided Lie algebra Der(Af) of the Kg-module Ag asso-
ciated with (K, Rg). The Kg-action is

DDer(AF): KF(X)DGF(AF) — Der(AF)k®zp — k DDer(AF) Yioa— h(T) > Ap (£

with bracket

[, Alrg = ¥ 0 A = (Req, Bper(ap) M) © (REY Bper(ap) ¥) -



These two braided Lie algebras are isomorphic
Theorem. . The braided Lie algebras (Der(A)g, [, |1g) and (Der(Ag), [, ]RF)
are isomorphic via the map

D : Der(A)p — Der(Ap), Y — D) :a— (F° >per(A) ¥)(Fa >4 a)
(8)
which satisfies D ([, \|g) = [D(¥), D(\)]g,., for all 1), A € Der(A)f.

Remark: The twist gives and isomorphism of braided monoidal caltegories
and, using D, of closed braided monoidal categories.

Isomorphism of the Lie-Rinehard structures.

For Der(A)g:
a -f ¢ L= (Fa > A CL) (FO& DDer(A) w) 9 (9)
[, a -l = [, alp F ¥ 4+ (Rp, > @) -F [REY > 9, ¥']F (10)
where [, alg = [F" > ¢,Fa > a] = (F" > ¢)(Fa > a).

For Der(Afg):
(asptp)(a’) := aepyp(a’) (11)



[, aepy)' g = [, alepy)’ 4+ (Rp,, > a) -p [RE® > 4, ¥']E (12)
forany a,a’ € Ag,v € Der(Ap).

The isomorphism D : Der(A)g — Der(Ag) respects the Ap-module struc-
tures and the compatibility of the A action with the brakets.

D(a-fv¢) = aegD(¥) ,
fora € Ap andy € Der(A).

Proposition. . The isomorphism D : (Der(A)g, [, [r) — (Der(Ag), [, Irp)
of braided Lie algebras restricts to isomorphisms

R
D : DerﬁAH(A)F — Der/\ZHF(AF)
and
. R Rp
D :autp(A)p— autBF(AF)

of (K, Rg)-braided Lie algebras.

where Deri/l 5 (A) is the K-submodule of H -equivariant derivations.



Instanton bundle over Sg and its gauge transformations
The H = O(SU(2)) Hopf-Galois extension O(Sg) C O(S})

can be obtained as a twist on K = O(T?) of the Hopf-Galois extension
O(S%) c O(S") of the classical SU(2) Hopf bundle.
Study the classical Lie algebras
Der(0(S")), Der,u(O(S"), autygay(O(S))
and twist to obtain the braided Lie algebras

Der(O(S5)), Der u(O(SE)), aut@(sg)((’)(sg))



Classical SU(2)-Hopf bundle = : ST — S4.
A := O(S") is =-algebra of coordinate functions on the S’

generators: {zq, 2}, a = 1,..., 4}, sphere relation }" 2}z, = 1. Coaction:

§: OS) — 08 ®O(SU(2)) (13)

t *
- ] <1 29 <3 4 . w1 —w
u — uU®@w, U= % . x|, Wi= *2 .

extended to the whole O(S") as a x-algebra morphism.
B = O(87)c00(SU(2)) generated by

= 2(z123+2524), B :=2(2023—2724), X := z12]+2025—2323—242)
(14)
and x-conjugated o*, 5*, with * = .

> 2,z = 1 implies the four-sphere relation o* o + %8 + 2 =1.

For future use the generators satisfy the relations

(1—-2)z1 = azz — 724 (1 —x)20 = a’z4 + P23
(x+1)zz =a’z1 + 872 (x + 1)z = azp — B21
10



S" = Spin(5)/SU(2)

S* = Spin(5)/Spin(4) ~ Spin(5)/SU(2) x SU(2)

The Hopf fibration ST — S% is a Spin(5)-equivariant SU (2)-principal bundle.
The right-invariant vector fields

X € s0(5) ~ spin(5)

on Spin(5) project to the right cosets S’ and S* and generate the O(S")-
module of vector fields on S and the ©(S*)-module of those on S*.

Explicit basis:
Hy = 3(2101 — 210] — 2000 + 2505 — 2303 + 2303 + 2404 — 2;0;)
HQ — %(—2181 —|— Ziaﬂ{ —|— Z262 — 2383 - z383 —I— Z§8§ —|— 2484 - ZZ@Z)
(15)
Eig = \%(2133 — 2307 — 2400 + 250;) E_10 = \%(2331 — 2103 — 2004 + 2
Egp = \%(2233 — 2305 + 2401 — 210,) Eg_1 = \%(2134 — 2207 + 2302 — 25

E11 = —2403 + 230, E_1 1= 2203 — 2304
E1_1 = —2102 + 2507 E_11 = —2001 + 2105. (16)



so(5) Lie algebra:

[H1,H2] =0; [Hj, E] =r;Er;

[Er, E_] =71H1 +roH>; [Er, Es] = NrsErss . (17)
The elements H1, H> generators of the Cartan subalgebra, and E; is labelled
by

r=(r1,m0) € I ={(£1,0),(0,%+1),(£1,+1)},

one of the eight roots. Nrs = O if r+s is not a root and Nys € {1, —1} other-
wise.

x-Structure: Hj = Hjand Ef = E_.

Projected vector fields:

HT = adq — a™ 0y HJ = p0g — B*0p+
o= %5(2:1:8(1* — a0z) ET1g= \/LE(—Qw(‘?a + a*0z)
11 = B0y — s ETy 1 = —B%0a+ a"03
Ef, = %5(2:685* — B0x) Ef | = %(—zmaﬂ + 5%0z)

11-_1 — 5*8a* — 0483 Eill — —B@a —|— 04*86* (18)



Der ,u(O(S")) = {X € Der(O(S")) [do X = (X ®I)o6}.  (19)

The general H-equivariant derivation is then of the form

X =byHy + byHo + Zr beEy (20)
for elements b;, b, € O(S*). On the generators of O(S")

X008 - 0(s), (zl 2o 23 Z4>t — M- <z1 2> 23 24)t (21)

where M is the 4 x 4 matrix with entries in O(S%)

—b1_1 —a1 —bj; —bio 1 1
M= 01 , a1 =5(b1—02) ,a0 =5(b1+0b>) .
bio  boi —an —bi1 1 = 5(b1—b2) ;a2 = 5(b1+b2)
* * %k
—%1 10 11 a2
(22)
The derivation (21) restricts to

X7 0(S* = 0(8Y) (a ot B B* x)



with

[ b1 0 11 bi1 V2bip)

0 —b1  b11 bi—1 V2big
MT™=1-b1_1 —b%; b 0 V2bl,
—b11 —bj_; O  —bx V2o

\ —b1o —btg —bor —b5 O



The Lie algebra of gauge transformations

We next look for infinitesimal gauge transformations, that is H -equivariant
derivations X as in (21) which are vertical: X™(b) = 0, forb € O(S%).
These are the kernel of the matrix M™ in (24).

K1 1= —iUp = 2zHp + B*V2Ep1 + BV2Eg_1
Ko = —iU] = 2zH, 4+ o*V2E19 4+ aV2E_1g
Woi := —2(W1 + iW2) = V2(BH1 + o’ B11 + aE_1)
Wo_1 :=R2(Wy — iWs) = V2(B*Hy + a’E1_1 + aE_1_1)
Wio = —§<W3 +iWy) = \E(QHQ — B*E11 + 5E1—1)

W_10 = @(W3 —iWy) = \E(a*Hz + B8 E_11 — BE—1—1)
Wi1 1= 5(Ty — iT5) = 2zF11 + aV2Eg — BV2E1g
W_1_1:=—3(Ty +iT2) = 2zE_1_1 + a*V2Eq_1 — B*V2E_1g
Wi_1:= —3(T3 — iTy) = —2zE1_1 + f*V2E10 + av2Eg_
W_11 1= 5(T3 +iTy) = —22E_11 + BV2E_190 + a*V2Ep;.  (25)
These generators satisfy K;(f*) = —(K;(f))" and Wi (f*) = —(W_,(f))*

for f € O(S7).
11



Proof: Each vertical derivation, X = by1Hy + boHo + >, beEx, with b, br €
O(S%) can be expressed as combination of the vertical derivations K i, Wr in
(25) as

X =c1K{+ Ko+ ZrCrWr

with coefficients c1, co, cr € O(S%) given by

= l(23852 + V28 b1 + \65*50—1> cp = %(23651 + V2abig + V2
co1 =£(5 b1 + abi1 + o b_ 11) co—1 =@<Bb1+ab1—1+a*
c10 = L(a by — Bb11 + B b1_1) c_10 = Q(abz + Bb_11 — 8"
c11 = %( zb11 + V2a*bo1 — V287 blO) C_1— %(21135 11+ V2alb
c1-1= %( — 2zby_1 + V2Bb1o + \fQOé*bo—1> c_11 = %( 2zb_11 + V28%b

(26)



Remark . The generators in (25) are not independent over the algebra O(S4).

BWo_1— B Wo1+aW_10—a™Wig =0

—BKo +V2xWgo1 — W11 +aW_11 =0

—B8*K> + \fQ:UWo_l —aW_1_1+a"W7_1=0

—aK1 + V2aWig+ 8*Wi1 4+ W11 =0
—a*K1 +V2xW_10+ W_1_1+*W_11 =0. (27)

Proposition. . The generators in (25) transform under the adjoint representa-
tion of so(5) with highest weight vector W11 :

HjDKlz[Hj,Kl]ZO, HjDWr:[Hj,Wr]:Ter,
Er > Kj — [Er,K]] — _erra

Er > W-r — [E'r7 W-r] — TlKl + TQKQ, Er > Ws — [Er, Ws] = N’I“SWr+Sa
(28)

12



A representation theoretical decomposition of aut (54 (O(SH)
so(5) irrep. denoted: [d(s,n)].

highest weight vector of weight 5(1,1) + n(1,0)

dimension: d(s,n) = %(1 +s)(14+n)2+s+n)(3+ s+ 2n).

O(S*) decomposes in the sum of spherical harmonics on S*

O(Ss*) = P [d(0,n)] (29)

nENg
with [d(0, n)] the representation of highest weight vector o™ of weight (n, 0).

[5] ® [10] ~ [35] & [10] @ [5] with highest weight vectors for these three
representations:

Zp1 = aWqq,
Y11 = V22W11 + aWo1 — Wi,
X109 = B*W11 + BW1i_1 — aK1 + V2zxWhg, (30)

with the label denoting the value of the corresponding weight.

On S’ we have: X10 vanishes, Y11 = —\/§W11, Z>1 Is the [35].
13



Proposition. . The Lie algebra aut g4y (O(S")) decomposes as

aut (g4 (O(S) = D,y [d(2.m)] .

Here [d(2,n)] is the representation of so(5) as derivations on O(S") of high-
est weight vector o"Wy1 of weight (n + 1,1) and dimension d(2,n) =
S(n+1)(n+4)(2n+5).

14



Gauge Lie algebra: aut g4y (O(S")) of the generators

(K1, K2] = V2(a* W10 — aW_10)

[K1, Wo1] = —V2B8K> + 22Wo1 [K1, Wo-1] = V28" K> — 2eWo_1
(K1, Wio] = V2(=8"Wi1 + Wi-1)  [K1,W_10] = V2(BW-1-1 — 8*W_11)
[K1, Wi1] = 22W11 — V28Wig [K1, W_1-1] = —22W_1_1 + V28*W_10
(K1, Wi_1] = —22Wi_1 + V28" Wi [K1, Wo11] = 22W_11 — V28W_10
(K2, Wo1] = V2(a*Wi1 + aW_11) (Ko, Wo—1] = —V2(a* W11 + aW_1_1)
[K>, Wio] = 22W1ig — V2a K1 [Ko, W_10] = —22W_10 4+ V2o K
(K2, Wi1] = 22W11 + vV2aWo1 (Ko, W_1_1] = —22W_1_1 — V22 Wo_1
(Ko, Wi_1] = 22W1_1 — V2aWp_1 [Ko, W_11] = —22W_11 + V2a*Wo1
[Wo1, Wo-1] = —vV2(a*Wio + aW_10)
[Wo1, Wio] = V2(BW10 — aWo1) [Wo1, W-10] = —V2(BW_10 + o*Wo1)
[Wo1, Wi1] = V28W11 (Wor, W_1-1] = —V2BW_1_1 + V2a* (K1 +

[Woi, Wi_1] = V28Wi_1 4+ V2a(—K1 + K2) [Wo1, W_11] = —V2BW_11

[Wo_1, Wio] = V2(8* W10 + aWo_1) [Wo_1, W_10] = V2(=B*Wio + a*Wo_1)
[Wo_1, Wi1] = V28*W11 — V2a(K1 + K2) [Wo_1,W_1.1] = —V28*W_1 4
[Wo_1, W1_1] = V28*W1_1 (Wo_1,W_11] = —V28*W_11 + V2a* (K1 — K>
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(W10, W_10] = V2(8*Wo1 + BWo_1)

[Wio, Wi1] = vV2aW11 [Wio, W_1_1] = —V2aW_1_1 — V28* (K1 + K3)
[Wio, Wi_1] = —V2aWi_1 [Wio, W_11] = V2aW_11 + V28(K1 — K>2)

[W_10, W11] = V2a*W11 + V28(K1 + K>) (W_10,W_1_1] = —V2a*W_1_4
[W_10,W1_1] = —V2a*'W1_1 + V28" (- K1 + K>) (W_10, W_11] = V2a*W_11

(Wi, Wo1-1] = 22(K1 + K2) + V2aW_10 + V28Wo_1
(W11, W1_1] = V2aWig (W11, W-11] = —V28Wo1

[(W_1_1, Wi_1] = V28*Wo_1 (W_1_1,W_11] = —V2a*W_10

(W11, W_11] = 22(— K1 + K2) + V28" Wo1 — V2aW_10



TWIST TO braided derivations and infinitesimal gauge transformations

The right invariant vector fields H1 and H» of Spin(5) are the vector fields of
a maximal torus T2 C Spin(5). They define the universal enveloping algebra

K of the abelian Lie algebra [H1, H>] = 0. Twist

F-— €7Ti(9(H1®H2—H2®H1) 0 ¢ R™ 7 (31)

Y

with universal R-matrix Rp = F2. Twisted product (ep = ey) :

210923 = €70 2z0021 . 210924 = ¢ W2 092
196<3 3%0~1 1%9<4 499<1

ZnepZ =e_m0zoz Zoepnz =emezoz.
299<3 399<2 29p<4 499<D

O(SU(2))-coinvariant subalgebra generated by

Q.= 2(Z1.0Z§ + 25.024)7 5 L= 2(22.9’?’/% R ZT.9Z4)7

T 1= z1e92] + 20egz5> — 230923 — 24892]. (32)
The only nontrivial commutation relations are
ey = 6_2m95°90é , aepB" = €2m95*'904 (33)

and their complex conjugates.
16



Braided Lie algebra soy(5) associated with (Kg, Rp = FQ) ;
[H1, Holp = [H1, Ho) = 0;  [Hj, E)p = [Hj, E] = r;Er ;
[Er, ES]F — e—’l:?'l'(gl’/\S[Er7 ES] — e—’l:?T(gr/\SNrSEr_I_S : (34)

withr A's .= r18> — ros1.

Modlule structure in (9):
a-f Hj =aH;, as ‘E B, = e—ﬁiesArasEr 7

foralla € O(S)) and as € O(S)) eigen-functions of H; with eigenvalues s;
(being Er eigenvectors of H ;).

Gauge Lie algebra (autO<S4)(O(S7))F, [, IF, -F) associated with (Kr, Rg).
It has braided Lie bracket determined on generators:

(K1, Kolp = [K1,K2] ;  [Kj, Wi]p = [K;, Wi] ;
[WI’7 WS]F — 6_2.71-6)"/\5[VVI’7 WS] ’ (35)

On generic elements X, X' in the linear span of the generators in (25) and
bt/ € O(S%), the equation (12) gives

[bF X, 0 F X'l =bF (Rp, > 0) -F [RE“ > X, X'Jp (36)



Der 1(O(S)) = D((Der ,  z(O(S))E).

Proposition. . The braided Lie algebra Der , , H(C’)(Se7 )) of equivariant deriva-
tions of the O(SU (2))-Hopf—Galois extension C’)(Sg) C 0(597 ) is generated,
as an O(Sg)-module by elements:

H; :=D(H;), E:=D(E), j=1,2, rerl (37)
with bracket
[Hy, Holg. = D([H1,Hp]) =0;  [Hj, Elg. = D([H;, E]) = r;Er ;
[El’a ES] RF — e—iﬂ-er/\sp([Er) ES]) — e_7:71-9"/\S‘Z\[I’SEI?S
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autO(Sg)(O(Sg)) — D(aut0(54)(O(S7))F).

Proposition. . The braided Lie algebra aut, Sg)(O(Sg )) of infinitesimal

gauge transformations of the O(SU(2))-Hopf—Galois extension O(Sg) C
O(S)) is generated, as an O(Sg)-module, by the elements

——

K;:=D(K;), Wy:=DW,), j=1,2, rerl (38)
with bracket
(K1, Kolg, = D([K1, K2]) 5 [Kj, Wilg. = D([K;, Wi]) ;
[Wr, Welg, = e~ ™S D([Wr, We]) .
The braided Lie bracket of generic elements X, X' in auto sy (0(S8§)) and
b,b' € O(Sy) is then given by
[beg X, b'eg X IR, = beg(Rp,, > b)eg[RE* > X, X']g_ . (39)

The action of any element W is
Wr(GS) — 6_iwer/\sVVr(aS) ; (40)
with a braided derivation property

Wi (asegam) = Wi(as)egam + e 2" Sas0, Wy (am). (41)
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K1, Wig]
K1, W11

(Ko, Wo1]

K1, Kolge = V2(aegW1g — aegW_10)
K1, Woilg, = —V2BegK2 + 2xeWo1
K1, Wi_1]g, = —2zegW1_1 + V2™ 8% W1

Re = V2 " Beg W1 _1 — V2™ By W14
R = 23309‘//‘711 — @e_ﬂieﬁogwlg
Rp = \/ie_mea*mf/‘vfll -+ \@e”iea.gﬁv/_ll

Ko, W1_1]g, = 2zegW1_1 — V2 ™ae;Wp_q
(K, W1o]re = 2xegW1g — V20reg K
Ko, Wi1lg, = 22egW11 + V2™ 00y Wo1

Wo1, Wi—1lge = V2BegW1_1 + V2™ 0oy (K2 — K1)
Wo1, Wiolg, = V2B8eW10 — V2™ ooy Wo1

Wo1, Wiilg, = V28egW11

W11, Wiglg, = V20cegW1_1

W1_1, Wi1lg. = —V2e ™ aeWig

W10, Wiilg, = V20esW11



W_1_1, Woilg, = V2™ BegW_1_1 — V2™ aey( K1 + K?)
W_1_1, Wi_1]g. = V2 2™ 8%, Wy_1

W_1_1, Wiglg, = V20egW_1_1 + V2™ % (K1 + K>)
W_1_1, W11]r, = —2zes(K1 + K2) — V20esW_10 — V2BeWo_1
W_10, Woilg, = V2e*™?BegW_10 — V203 Wo1

W_10, W1_1lg, = —V20a'gW1_1 + V2 ™08%, (K> — K1)

W10, W_10lr. = V2(B'gWo1 + BegWo_1)

W_11, Wo1lg, = V2> BegW_13

Wo—1, Woilg. = V2(aeyW1p — cegW_10)

W_11, Wi_1lg, = 2zes(K1 — K2) — V28%,Wo1 + V20 W_10




Atiyah sequences and their splittings (connections)

Let B = A®H C A be a K-equivariant Hopf—-Galois extension B = At C
A, with triangular Hopf algebra (K, R).

Der? ;(A) = {u € Der(A) [dou= (u®I) o4}
and then its Lie subalgebra of vertical derivations
autH(A) = {u € Der’y ;(A) | u(b) =0, b € B}.

Derivations in Deri/l (A) are H-equivariant hence restricts to a derivation on

B = A Associated to B = A®H C A, there is the sequence of braided
Lie algebras aut%(A) — Deri/lH(A) — DerR(B).

When exact,

0— aut%(A) — Deri/lH(A) — DerR(B) — 0 (42)

Is a version of the Atiyah sequence of a (commutative) principal fibre bundle.

A connection on the bundle can be given as an H -equivariant splitting of the
sequence.

19



For the intanton bundle on the sphere Sg we have then the short sequence of
braided Lie algebras

RF

osh (OS5 = Der'" ,(O(5§)) & DerRF(0(5$)) — 0. (43)

0O — aut

This sequence is exact.
The connection 1-form

The connection on the SU(2)-bundle (’)(Sg) C (’)(897 ) given by splitting the
sequence (43) corresponds to the su(2)-valued 1-form on the bundle w
DerRF(O(Sf)) — su(2) given by

1 O O O 0O 1

with 1-forms
wpp = dz1ep2] + dzpegzs + dzzep2z3 + dzgep2)

wo1 = —dz1epzo + dzoegz1 — dz3egza + dzsey23.
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Thank you
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